=ENO%7!<%HB?BN7O$N?J2=$H$=$N2r@O 1 EZ20=SIW 5~ETBg3XM}3XIt1’ChJ*M}3X65<< (tsuchiya@kusastr o.kyoto-u.ac.jp) I. INTRODUCTION =ENO B? BN 7O $H $O =E NO $@ $1 $G Aj 8_ :n MQ $9 $k N3 ;R $N B? BN 7O $G $" $k!# B@ M[ 7O $+ $i 5e >u @1 CD!" 6d 2O!" 6d 2O CD $J $I!" 1’ Ch $K $* $1$k MM!9 $J E7 BN $, $3 $N =E NO B? BN 7O $H $7 $F %b %G %k 2= $9 $k $3 $H $,$G $- $k!# $3 $l $i $N E7 BN $O 4p K\ E* $K $O F1 $8 J* M} 2a Dx $K =>$C $F ?J 2= $7 $F $$ $k $,!" 5e 7A $K 6a $/!" Ey J} $J B. EY J, I[ $r ;}$C $F $$$k 5e >u @1 CD $+ $i!" $R $7$c $2 $? 7A $r $7 $F $* $j Hs Ey J} $J B. EY J,I[ $r ;} $D BJ 1_ 6d 2O $^ $G!" <B :] $N E7 BN $N 7A $O $: $$ $V $s %P %i %P %i $G $" $k!# $3 $N 0c $$ $O <g $K!" N3 ;R ?t $N 0c $$ $H!" 4Q B, $7 $? ;~$N7O $N G/Np $K $h$C$F $$ $k!#1’ Ch G/Np $, 10 10 G/$G $" $k$N $K BP$7 $F!" 5e >u @1 CD $N NO 3X E* $J ?J 2= $N 5/ $3 $k %? %$ %‘ %9 %1!< %k $OLs 10 9 G/$@ $,!" BJ1_ 6d2O $G $O 10 17 G/ $H!" 1’Ch G/Np $h $j$b MZ$+ $K D9 $$!# =>$C $F >o $K ?J 2= $N ES Cf $N Hs J? 9U >u BV $r 8+ $F $$ $k$+$i$G$"$k!# =E NO B? BN 7O $N ?J 2= $r M} 2r $9 $k >e $G =E MW $J MW AG $H $7 $F!" 3F!9$N N3 ;R $N 1? F0 $r 7h $a $F $$ $k Hy ;k E* J* M} 2a Dx $H!" 7O A4 BN $N5p ;k E* $J >u BV $N JQ 2= $N 2 $D $, $" $k!# Hy ;k E* $J 1? F0 $O %+ %* %9$G $" $j!" $= $l $r @5 3N $K 7h $a $k $3 $H $O 0l HL $K $O Fq $7 $$ $,!" 9,1? $J >l 9g $K $O!" 6I =j J? 9U $H $$ $& 35 G0 $K $h$C $F Hy ;k E* >u BV $rE} 7W E* $K 07 $( $k $3 $H $, $" $k!# $7 $+ $7 =E NO B? BN 7O $N >l 9g $K $O $3 $N 6I =j J? 9U $O @. $j N) $? $J $$!# $J $< $J $i!" =E NO $O %9 %1!< %k$r ;} $? $J $$ D9 5w N% NO $G $" $k $? $a!" F1 ;~ $K $9 $Y $F $N N3 ;R $H Aj8_ :n MQ $7!" $= $N 7k 2L 3F N3 ;R $O 7O A4 BN $H F1 $8 9- $, $j $r ;}$C $F1? F0 $9 $k $+ $i $G $" $k!# $= $N $? $a!" =E NO B? BN 7O $G $O Hy ;k E* $J1? F0 >u BV ( B( $A %+ %* %9 ) $, D> @\ 5p ;k E* $J ?6Iq $K 1F 6A $r M? $( $k!#$3 $N $3 $H $,!" C1 =c $J J* M} 2a Dx $7 $+ ;} $? $J $$ =E NO B? BN 7O $KBg$-$JB?MM@-$r$b$?$i$7$F$$$k!# Hy;k E* $J 1? F0 >u BV $r $G $- $k $@ $1 @5 3N $K DI $$ $J $, $i!" 9- $$ %?%$ %‘ %9 %1!< %k $N %l %s %8 $K $o $? $k ?J 2= $r D4 $Y $k $? $a $K $O!" $G$- $k $@ $1 C1 =c $J %b %G %k $, K> $^ $7 $$!# >e 5- $N =E NO B? BN 7O $N @- <A $O!" =E NO $N D9 5w N% Aj 8_ :n MQ!" 5Z $S Bg 0h E* 7k 9g $H $$ $& 2 $D$N FC D’ $, K\ <A E* $G $" $k $H ;W $o $l $k $,!" $3 $N @- <A $r J] $A $J $,$i!" :G $b C1 =c 2= $7 $? %b %G %k $H $7 $F 1 <! 85 =E NO %7!< %H 7O $G 8&5f $r 9T$C $?!# $= $3 $G F@ $i $l $? 4v $D $+ $N ?7 $7 $$ 7k 2L $K $D $$ $FJs9p$9$k!# I I. 1 <!85=ENO%7!<%HB?BN7O %b%G%k $O!" L5 8B $K 9- $,$C $? 0l MM $J N Kg $N %7!< %H $,!" $= $l $K?b D> $J J} 8~ $K $N $_ 1? F0 $9 $k $h $& $J $b $N $r 9M $( $k!# $= $l $> $l $N %7!< %H $N $b $D <+ M3 EY $O 1 <! 85 $J $N $G!" $3 $l $r 1 <! 85 =E NO%7!< %H B? BN 7O ( $^ $? $O 1 <! 85 =E NO B? BN 7O ) $H 8F $s $G $$ $k!# $= $l $> $l $N %7!< %H $O 8_ $$ $N =E NO $K =>$C $F 1? F0 $7!" %7!< %H $N 8r :9 $, 5/ $3$C $? ;~ $K $O!" 8_ $$ $K $9 $j H4 $1 $k $H 9M $( $k!# 3F %7!<%H$N0LCV$HB.EY$r x i !" v i !"%7!<%H$NLLL)EY $r m $H$9$k $H!"$3$N7O$N%O%_%k%H%K%"%s$O H = m 2 N X i v 2 i + � 2 � Gm 2 � N X i 6 = j j x i � x j j (1) $H =q $/ $3 $H $, $G $- $k!# L5 8B $K 9- $,$C $? 0l MM $J %7!< %H $N :n $k =E NO $O 5w N% $K $h $i $: 0l Dj $K $J $k!# 1 Kg $N %7!< %H $N <u $1 $k NO $O $= $N %7!< %H $N 1& $H :8 $K $" $k %7!< %H $N ?t $N :9 $G 7h $^ $j!" %7!< %H $N 8r :9 $, 5/ $3 $k $^ $G $O 1? F0 $O J| J* E* $K $J $k!# =>$C $F <B :] $N %7 %_%e %l!< %7%g %s $G $O Hy J, J} Dx <0 $r 2r $/ I, MW $, $J $/ 6h J, E* $K 2r @O E* $J 2r $r $D $J $$ $G $$ $/ $3 $H $G ?J 2= $r DI $& $3 $H $, $G $- $k!# $3 $l $, 3 <! 85 7O $K $O $J $$ 1 <! 85 7O $N %a %j%C %H $G $" $j!" 9b @: EY $G 9b B. $J %7 %_%e %l!< %7%g %s $, 2D G= $H $J $k!# $3 $N %7!< %H 7O $b 3 <! 85 7O $H F1 MM $K!" 2 BN $G $O 1? F0 $O 5, B’ E* $G $" $k $,!" 3 BN 0J >e $K $J $k $H 1? F0 $O %+ %* %9 $K $J $k!# 7O $N J] B8 NL$OA4%(%M%k%.!<$HA41?F0NL$N 2 $D$@$1$G$"$k!# $3 $N 7O $N J? 9U >u BV $H $7 $F!" $3 $l $^ $G $K F0 NO 3X E* J? 9U >u BV $H G. NO 3X E* J? 9U >u BV $N 2 $D $, CN $i $l $F $$ $?!# F0 NO 3X E* J? 9U ( 0J 8e N, $7 $F NO 3X J? 9U ) >u BV $O!" =E NO $N D9 5w N% NO $H $$ $& @- <A $+ $i 8= $l $k $b $N $G!" A0 $K =R $Y $? $h $& $K N3 ;R ?t $, Bg $- $/ $J $k $H!" 3F!9 $N N3 ;R $K $+ $+ $k NO $O J? 6Q >l $+ $i $N 4s M? $, Bn 1[ $9 $k!# $3 $N ;~ 8D!9 $N N3 ;R $K $h $k ;6 Mp $N 1F 6A $O L5 ;k $G $- $k $N $G!" $3 $l $r L5 >W FM E* $H 8F $V $,!" $3 $N >u BV $G Dj >o E* $J J? 6Q >l %] %F %s %7%c %k Cf $r 5, B’ E* $K 1? F0 $9 $k N3 ;R $N =8 $^ $j $H $7 $F NO 3X J? 9U >u BV $, Dj 5A $5 $l $k!# $3 $N J? 9U >u BV $G $O!" 8D!9 $N N3 ;R $N %( %M %k %.!< $J $I $O J] B8 $5 $l $k $,!" 5U $K!" J? 6Q >l $+ $i $N $: $l $N 8z 2L ( N% ;6 E* $J N3 ;R J, I[ $N 1F 6A $J $I ) $K $h$C $F N3 ;R 4V $G $N %( %M %k %.!< $N 8r 49 $, == J, ?J $_!" %( %s %H %m %T!< $, :G Bg $K $J$C$? >uBV$H $7$FDj 5A$5$l $k$N$,!" G.NO3X E*J?9U ( 0J8e N,$7 $FG.J?9U ) >uBV$G$"$k!# =i 4| $K Hs J? 9U $K $" $k 7O $O!" $^ $: F0 NO 3X E* $J ?J 2= $r 7P 83 $9 $k!# $b $7 7O A4 BN $N =E NO %( %M %k %.!< $, 1? F0 %( %M %k %.!< $h $j $b == J, Bg $- $1 $l $P!" 7O $O <} =L $r $O $8 $a!" 5U $J $i $P KD D% $9 $k!# =E NO %( %M %k %.!< $H 1? F0 %( %M %k %.!< $, $[ $\ $D $j $"$C $? $H $3 $m ( @5 3N $K $O 1? F0 %( %M %k %.!< $N 2 G\ $H =E NO %( %M %k %.!< $, Ey $7 $$ ) $G!" 7O$ONO 3XJ?9U$K C#$9$k!# ;~4V$N C10L$H $7$F!" 1 $D$N N3 ;R $, 7O $N C< $+ $i C< $^ $G $r 2# @Z $k $N $K $+ $+ $k ;~ 4V ( $3 $l $r F0 NO 3X E* ;~ 4V t c $H 8F $V ) $G 7W $k $H!" NO 3X J? 9U $K C# $9 $k $^ $G $K $+ $+ $k ;~4V $O $[ $\ ?t G\ $N t c $G $" $k!# $= $N8e $7 $P $i $/ NO 3X J? 9U $N >u BV $K N1 $^ $k $,!" D9 $$ ;~ 4V $N 8e $K $O L5 >W FM $N 6a ;w $, GK $l $F $- $F N3 ;R 4V $G $N %( %M %k %.!< $N 8r 49 $, 5/ $3 $k $h $& $K $J $k!# $3 $N %( %M %k %.!< JQ 2= $N %? %$ %‘ %9 %1!< %k $h $j $b MZ $+ $K D9 $$ %? %$ %‘ %9 %1!< %k $G 7O $N ?J 2= $r J? 6Q $7 $F 8+ $k $H!" 7O $O G. J? 9U$K$"$k$H4QB,$5$l$k!# I I I. ?J2=$N2r@O J? 9U >u BV $X ;j $k 2a Dx $, 4K OB $G $" $k $,!" $3 $l $O NO 3X 7O $N 8@ MU $G 8@ $( $P %( %k %4!< %I @- $N <B 8= $G $" $k!# $7 $+ $7 %( %k %4!< %I @- $r D> @\ <( $9 $N $O Fq $7 $$!# $= $3 $G!" $$ $m $$ $m $J J* M} NL $N B, Dj!" 2r @O $r 9T$C $F $= $3 $+ $i 4V @\ E* $K 4K OB $r H= CG $9 $k $3 $H $K $J$k!#2f!9$,9T$C$?2r@O$O<!$NDL$j$G$"$k!# 1

FIG. 1. Sp ectrum of the p ositive Lyapuno v exp onents for v arious N . The index of the Lyapuno v exp onents is scaled to 0 to 1.0. The vertical axis shows the Lyapuno v exp onents normalized by the v alue of the maximum Ly apuno v exp onent. A. 5p;kE*J,I[$NJQ2= #1N3 ;R J, I[ 4X ?t $,!" F0 NO 3X E* J? 9U >u BV $+ $i!" G. NO 3X E* J? 9U>u BV $N J, I[ $X JQ 2= $9 $k ;~ 4V $r D4 $Y $k!# $3 $N ;~ 4V $O 3N N( E* $JJ, I[ $r $9 $k $,!" water-bag $H 8F $P $l $k =i 4| >r 7o $+ $i =P H/ $9$k$H!"$=$l$,JQ2=$r;O$a$k;~4V$O 4 � 10 4 N t c $H$J$k!# B. %(%M%k%.!<EyJ,G[$+$i$N$:$l 1 N3 ;R $N %( %M %k %.!< " i ( i = 1 ; : : : ; N ) $O!" ?t CM 7W ;; $+ $i;~ 4V $N 4X ?t $H $7 $F M? $( $i $l $k!# 7O $, L5 >W FM E* $G $" $k 4V $O " i ( t ) $ODj ?t$G $"$k $,!"99 $K;~ 4V $,7P $D$H %(%M %k%.!< $OJQ 2= $r ;O $a $k!# 7O $, %( %k %4!< %I E* $@ $H 2> Dj $9 $k $H!" $3 $N %( %M %k %.!<MI$i $. $ND9 ;~ 4VJ? 6Q $ON3 ;R $K$h $i $:!"$" $k 0l Dj$N CM " 0 $K 6a $E $/!# $= $3 $G!" $3 $N %( %M %k %.!< Ey J, G[ $+ $i $N $: $l $r <! $NNL$GFCD’$E$1$k!# �( t ) � " � 1 0 v u u t 1 N N X i =1 [ " i ( t ) � " 0 ] 2 ; (2) C" $7 " i ( t ) $O " i ( t ) $r;~ 4V$K $D $$$F 0 $+ $i t $^ $GJ? 6Q $7$? $b $N $G $" $k!# $b $7 7O $, 4K OB $9 $k ;~ 4V $h $j $b D9 $$ ;~ 4V $G $3 $N J? 6Q$r $H$l $P!" " i ( t ) $N;~ 4VJQ 2=$O G.E* $JMI $i$.$H $_$J $9$3 $H $,$G$-$k!#$3$N;~ �( t ) $O t � 1 = 2 $G8:?j$9$k$O$:$G$"$k!# �( t ) $N ;~ 4V JQ 2= $N Cf $G FC D’ E* $J JQ 2= $O N t c 5Z $S 4 � 10 4 N t c $G5/$3$k!# C. Po w er Sp ectrum Density 1 N3 ;R %( %M %k %.!< $N MI $i $. $N <A $r 8+ $k $? $a!" A4 N3 ;R $G J? 6Q$7$? p o w er sp ectrum density(PSD) $rD4$Y$?!# S ( f ) � (1 = N ) N X i =1 j C i ( f ) j 2 ; (3) C"$7 " i ( t ) = Z C i ( f ) exp[ � 2 � f t ] d f (4) 2

FIG. 2. Dep endence of the KS entrop y (solid line with the sym bol � ), the maximum Lyapuno v exp onent (long dashed curv e with the symbol 2 ), and the minimum p ositive Lya- puno v exp onent (dashed dotted curve with the symbol 4 ). $3$N PSD $O!" ?6 F0 ?t $N Bg $- $J $H $3 $m $G $O f � 2 $N 3H ;6 E* $J6R ;X ?t $r ;} $D $,!" N = 128 $G f � 10 � 3 Dx EY $G @^ $l 6J $,$j$,$"$j!"$=$l$h$j>.$5$J f $G$O 1 =f E*$J6R$r;}$D!# IV. L Y APUNO V ?t$K$h$k2r@O Ly apuno v ?t$O0LAj6u4VCf$NHy>/$J#2E@4V$N5wN% d ( t ) � v u u t N X j =1 (� x 2 i ( t ) + � v 2 i ( t )) (5) $N ;X ?t E* A} Bg N( $H $7 $F Dj 5A $5 $l $k!# 2f!9 $O <0 (1) $r @~ 7A 2= $7$?J}Dx<0 � _ x i = � v i ; (6) � _ v i = � 4 � Gm N X j =1 (� x i � � x j ) (7) $r MQ $$$F 2r $-!" Shimada and Nagashima(1979) $N J}K! $r MQ $$ $F Lyapuno v ?t � i ( i = 1 ; 2 N ) $r 7W ;; $7 $?!# Lya- punov ?t $N K\ Mh $N Dj 5A $O L5 8B Bg $N ;~ 4V $G $N J? 6Q $G $" $k $,!" ?t CM E* $K $O $= $l $O IT 2D G= $G $" $k $N $G!" 7O $N ?J 2= $r ;~ 4V E* $K @Q J, $7 $F $$ $/ $N $K 1~ $8 $F!" $= $N @Q J, $7 $? ;~ 4V $^ $G $G J? 6Q $r <h$C$?NL � ( t ) = 1 t ln d ( t ) d (0) (8) $r8+$k$3$H$K$9$k!# A. Ly apuno v ?t$N<}B+ $^ $:!" =i 4| >r 7o $H $7 $F water-bag J, I[ $+ $i =P H/ $7 $? 7O $G $O t = 10 3 t c ( N = 128 $N >l 9g ) Dx EY$G :GBg Lyapuno v ?t$O <} B+ $9 $k!# $7 $+ $7 $3 $3 $G $N <} B+ CM $O $h $j D9 $$ ;~ 4V $r <h$C $? G.J? 9U>u BV$G $N<} B+CM $H$O 0c$C$F $*$j!" � 1 ( t ) $O t = 10 6 t c $r 1[ $( $? $" $? $j $+ $i :F $S JQ 2= $7 ;O $a!" G. J? 9U >u BV $G $N <} B+ CM$X6a$E$$$F$$$/!# 0lHL$N=i4|>r7o$+$i;O$a $?$b$N$O!" t = 3

10 6 N t c $[ $I $N @Q J, ;~ 4V $G!" � i ( t ) $N MI $i $. $, 1 = 10 ; 000 Dx EY$K$^$G<}B+$9$k!# B. Ly apuno v sp ectrum Figure 1 $O $$ $m$$ $m $J N $G $N Lyapuno v sp ectrum $r I= $7$F $$ $k!# 2# <4 $O @5 $N Lyapuno v ?t $r 1& B& $+ $i >. $5 $$ =g $K JB $Y $F $* $j!" =D <4 $O 3F N $K $D $$ $F � 1 $N CM $, 1 $K $J $k $h $& $K5,3J 2= $7$F $$ $k!#$3 $N ?^$G $O!" N $,Bg $- $/$J $k $K$D $l $F %9%Z %/ %H %k $N 7A $, <} B+ $7 $F $$ $k $h $& $K 8+ $( $k $,!" :Y $+ $/ 8+ $k$H!" N = 32 $r 1[ $($k $H 5U S ;z $NOD $_ $,9- $,$C $F $$$k $N $,$o$+ $k!# %9%Z %/ %H%k $N<} B+ @-$K $D $$$F $O 99$K Bg $-$J N $K $h$k<B 83$, I, MW$@ $, :#$N $H$3 $m $3$l 0J >eBg $-$J N $K $D$$ $F %9%Z%/%H%k$r5a$a$k$N$OFq$7$$!# C. Ly apuno v ?t$NN3;R?t0MB8@- Figure 2 $O:G Bg Lyapuno v ?t � 1 !"@5 $N :G >. $N Lyapuno v ?t � N � 2 5Z $S 1 N3 ;R $" $? $j $N Kolmogoro v-Sinai %( %s %H %m %T!< h K S = N $N N 0M B8 @- $r I= $7 $F $$ $k!# $3 $3 $G!" KS %( %s %H%m%T!<$O@5$N Ly apuno v ?t$NAmOB$H$7$F7W;;$7$?!# h K S = X � i > 0 � i (9) $3 $l $r 8+ $k $H!" :G Bg Lyapuno v ?t $O N � 1 = 5 !" :G >. Lya- puno v ?t $O $[ $\ N � 1 $G JQ 2= $7 $F $$ $k $3 $H $, $o $+ $k!# Lya- puno v %9 %Z%/ %H%k $N7A$, N $K$h$C $FBg $-$/ JQ$C$F $$$J $$$3 $H$r H?1G $7 $F 1 N3 ;R $"$? $j $N KS %( %s %H%m %T!< $b N � 1 = 5 $H $$ $& ?6 $k Iq $$ $r $9 $k!# $3 $3 $G FC I. $7 $? $$ $N $O!" KS %( %s %H %m%T!<$O mixing $N%?%$%‘ %9%1!<%k$r FCD’$E$1 $k$b$N$H $5$l $F $$ $k $,!" $3 $3 $G 7W ;; $5 $l $? KS %( %s %H %m %T!< $N 5U ?t $+ $i 7h $^ $k ;~ 4V $O $H $F $b C; $$ $b $N $G!" 7O $N !V4K OB!W $H $O A4 $/ 4X 78$J $$ ;~ 4V $H $J$C $F $$ $k!# $3 $N $3 $H $K $D $$ $F $O 8& 5f 2q $G 5D O@$7$?$$!# D. Lyapuno v vectors Figure 3 $O :G Bg Lyapuno v ?t!" 5Z $S :G >. Lyapuno v ?t $K BP 1~ $9 $k 8G M- %b!< %I $r I= $9 Hy >/ JQ 0L %Y %/ %H %k $N $" $k ;~ 9o $G $N %9 %J%C %W %7%g%C %H $G $" $k!# :G Bg Ly apuno v ?t $K BP 1~ $9 $k%b!< %I $G $O Cf ?4 IU 6a $N 6K >/ ?t (4 Dx EY ) $N N3 ;R $N Bg $- $J JQ 0L$r I= $7 $F $$ $k $N $K BP $7 $F!" :G >. Lyapuno v ?t $K BP 1~ $9 $k %b!<%I $G $O $[ $\ A4 $F $N N3 ;R $N %i %s %@ %‘ $J J} 8~ $X $N JQ 0L $r I= $7$F $$ $k!# $3 $N :G >. Ly apuno v ?t $K $D $$ $F $O $= $N 5U ?t $N %? %$ %‘ %9 %1!< %k $,!" 1 N3 ;R $N %( %M %k %.!< $N mixing $, 5/ $3 $k ;~ 4V $H $[ $\ Ey $7 $/!" $^ $? Lyapuno v vector $, <( $9 JQ 0L $N @-<A$+ $i!"7O $N mixin $r FCD’ $E$1 $k IT0B Dj@- $, >.$5 $J Lya- puno v ?t$H$7$F8=$l$F$$$k$H?dB,$5$l$k!# V. $^$H$a 0J>e =R $Y $F $- $? 4v $D $+ $N 2r @O 7k 2L $r Am 9g $7 $F!" $3 $N 7O $N ?J2=!" 4K OB $N $b$C $H $b $i $7 $$ IA A| $r ?d B, $9 $k $3 $H $, L\ E* $G $" $k!# 7k 2L $r 8+ $F $/ $k $H!" $3 $N =E NO %7!< %H 7O $O $H $F $b 4q L/ $J ?6 $k Iq $$ $r $7 $F $$ $k $h $& $K 8+ $( $k!# $^ $H $a $H 2r <a $K $D $$ $F $O 4: $( $F $3 $3 $G $O =q $+ $:!" 8& 5f 2q $G <+ M3 $J 0U 8+ $r J9 $+ $; $F$$$?$@$1$l$P9,$$$G$"$k!# [1] $3 $N8& 5f$O 6?ED D>51;a ( 8=9q N)E7 J8Bf ) $*$h $S>.@> E/O: ;a ( L> 8E 20Bg ) $H$N6&F18&5f$G$"$k!# 4

FIG. 3. Lyapuno v vectors for N = 64. Filled circles indi- cate p ositions of N sheets and the arrows give direction of the Ly apuno v vector: (a) the Lyapuno v vector for � 1 , (b) that for � N � 2 . 5